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WEAK AND STRONG CONVERGENCE THEOREMS FOR FIXED POINTS 
OF GENERALIZED a-NONEXPANSIVE MAPPINGS WITH AN 
APPLICATION 


UNWANA E. UDOFIA!, AUSTINE E. OFEM?*, AND DONATUS I. IGBOKWE?® 


ABSTRACT. The purpose of this article is to establish weak and strong convergence results of AI 
iterative scheme for fixed points of generalized a-nonexpanisve mappings in uniformly convex 
Banach spaces. Furthermore, we carry out a numerical experiment to compare the convergence 
of AI iterative scheme with several prominent iterative schemes. Finally, we use AI iteration 
process to find the unique solution of a functional Volterra-Fredholm integral equation with 
deviating argument in Banach spaces. The results of this paper are new and extend several 


results in the literature. 


1. INTRODUCTION 


Let K be a nonempty closed convex subset of a Banach space B. By a fixed point of a self 
mapping V : K > K, we mean a point Y € K which satisfies Vy = p. Throughout this paper, 
F(V) will denote the set of all fixed point of V, R will stand for the set of real numbers. The 
map V is called a contraction if a constant ô € (0,1) exists such that ||Vw — Vn|| < o||% — n||, 
for all Y, n € K. When 6 = 1, then V is a nonexpansive mapping (i.e., |Vu — Vn|| < Ily- nll). 
The mapping V is said to be quasi-nonexpansive if F(V) # @ such that ||VY — z|| < Ily — zll, 
for all z € F(V) and VE K. 

Consider a fixed point iteration which is given by 


(1.1) der = Vi, Važi. 


The iterative method is known as Picard iteration or the method of successive substitution. 
In 1922, a Polish mathematician by name S. Banach in [7] established the metric fixed point 
theorem for contraction mappings. The theorem is also known as Banach contraction principle. 
In the case where we have a nonexpansive mapping, it is well known that the Banach contraction 
principle does not hold since the Picard iteration method fails to converge to the fixed point 


of nonexpansive mappings, even when the existence of a fixed point of V is guaranteed. For 
example, let V : [0,1] — [0,1] be defined by V(w) = 1 — y, for all y € [0,1]. Then it is clear 
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that V is a nonexpansive mapping with a unigue fixed point as Ž. If we take an initial value 
Wi # z, then successive iterations of V yield the sequence {1 — Y1, Y1, 1 — %1,...}. 

In 1965, F. E. Browder, D. Gohde and W. A. Kirk [10,16,24] showed that every nonexpansive 
mapping defined on a bounded closed convex subset of a uniformly convex Banach space (or 
more generally reflexive Banach space having normal structure) has at least a fixed point. 
Their works were the foundation of the fixed point theory for nonexpansive mappings which 
illustrated the primary role of the geometry of Banach spaces in this axis of research. It was the 
birth of an interesting domain of nonlinear functional analysis which attracted the attention of 
many mathematicians. For more details, see [4, 8, 13-15]. 

Motivated by the above results, several authors have established different generalizations of 
nonexpansive mappings. 

In [38], Suzuki showed that the class of Suzuki generalized nonexpansive mapping is more 
general than the class of nonexpansive mapping and obtain some fixed points and convergence 
theorems. Suzuki generalized nonexpansive mapping is also known as mapping satisfying con- 


dition (C). 


Definition 1.1. A mapping V : K — K is said to be a Suzuki generalized nonexpansive 
mapping if for all Yy, n € K, we have 


1 
ally VAS ly = nll = Vd — Vall < lly = nl: 


The class of a-nonexpansive mapping was introduced in 2011 by Aoyama and Kohsaka [6] 


as generalization of nonexpansive mapping and obtained some convergence results. 


Definition 1.2. A mapping V : K — K is said to be a-nonexpansive if there exists a € [0, 1) 
such that 


IVY — Vall? < ally — nl? + allVn — oI? + (1 — 2a) |v — al, 
for all 4,n E K. 


It is worthy to note that nonexpansive mappings are continuous on their domains, but Suzuki- 
type generalized nonexpansivemappings and a-nonexpansivemappings need not be continuous 
(see [38]). Clearly, every nonexpansive mapping is an a-nonexpansive mapping with a = 0 
(i.e., 0-nonexpansive) and every a-nonexpansive mapping with a nonempty fixed point set is 
quasi-nonexpansive. 

In [31], Pant and Shukla introduced a more general class of nonexpansive mappings in Ba- 
nach spaces known as generalized a-nonexpansive mapping which contains the class of Suzuki 


generalized nonexpansive mappings. 


Definition 1.3. A mapping V : K — K is said to be generalized a-nonexpansive if there exists 
a € [0, 1) such that 


1 
giv -= Vell < [ly — nll implies 
IV -Vni < allVb— nll + allVn — vl] + 1 -= 2a)Ilb — all 


for all 4,n E K. 
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This class of mapping has recently received massive attentions from several authors (see for 
example, [20,31, 34,45] and the references therein). 

In the last 2 decades, so many authors have introduced new iteration processes to approximate 
the fixed points of various classes of mappings. Some of these iteration processes are: Mann 
iteration [26], Ishikawa iteration [21], Noor iteration [30], Argawal et al. iteration [3], Abbas and 
Nazir iteration [2], SP iteration [33], S? iteration [22], CR iteration [12], Normal-S iteration [35], 
Picard-S iteration [18], Thakur iteration |40], Thakur New iteration [41], M iteration [43], 
Garodia and Uddin [17], M* iteration [42] and so on. 

In 2007, the following iterative scheme which is known as S iteration was introduced by 


Argawal et al. [3]: 


Wo € K, 

(1.2) Ns = (1 — ôs )Ys + sV Ys, Vs > 1. 
Ws41 = (1 = B) V Ys F Bs Vhs, 

where {ô;} and {G,} are sequences in (0,1). 


In 2013, Khan [23] introduced the following iterative scheme which is known as normal-S 


iteration scheme: 


Wo = K, 
(1.3) Ns = (1 = Bs)Ws + BV We, Vs21. 
Ws41 = Vns, 


where {8;} is sequence in (0,1). The author showed that normal-S iteration process (1.3) 
converges at a rate faster than all of Picard, Mann, Ishikawa iteration processes for contraction 
mappings. 

In 2014, the following iterative method known as Picard-S iteration was introduced by Gursoy 
and Karakaya [18]: 


uo € K, 

ks = (1 — 05)%s + OsV Ys, Ys 
ns = (1 — Bs) V Ys + BsV ks, = 
Vs = Vs, 


where {6,} and {3,} are sequences in (0,1). The authors showed with the aid of an example that 


(1.4) 


Picard-S iteration process (1.4) converges at a rate faster than all of Picard, Mann, Ishikawa, 
Noor, SP, CR, S, S*, Abbas and Nazir, Normal-S and Two-Step Mann iteration processes for 
contraction mappings. 


In 2016, Thakur et al. [41] introduced the following three steps iterative scheme: 
Wo = K, 

ks = (1 = bs)Ws + Òs V Ys, 
Ns = V((1 = Bs Ys + Bsks), 
YPs+1 = Vhs, 


where {ôs} and {8s} are sequences in (0,1). With the help of numerical example they proved 


(1.5) Ys > 1. 


that (1.5) is faster than Picard, Mann, Ishikawa, Agarwal, Noor and Abbas iteration process 


for suzuki generalized nonexpansive mappings. 
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In 2018, Ullah and Arshad [43] introduced the following three steps iterative scheme known 


as M iteration process: 


WEK, 


ks = (1 = Bn)Ws ag Bs V ts, 
Ns = Vks, 


WPs+1 = Vs, 


where {4;} is a sequence in (0,1). Numerically, they showed that M iteration process (1.6) 


(1.6) Ys > 1; 


converges faster than S iteration process (1.2) and Picard-S iteration process (1.4) for Suzuki 
generalized nonexpansive mapping. Also, they noted that the speed of convergence of Picard-S 
iteration process (1.4) and Thakur New iteration (1.5) are almost same. 
Recently, Ullah [45] showed that M iteration process (1.6) enjoyed better rate of convergence 
than Man, Ishikawa, Picard-S, S iteration processes for generalized a-nonexpansive mappings. 
In 2020, Ofem and Igbokwe [32] introduced the following four steps iterative method known 


as AI iteration process: 


Wo EK, 
9s = (1 — Bs)bs + BVs, 
(1.7) ks = Vgs, Ys > 1. 
Ns = V ks, 
Vs = Vhs, 


where {8} is a sequence in (0,1). 

The authors proved analytically and numerically that AI iterative method (1.7) has a better 
speed of convergence than M, Picard-S, Normal-S and Garodia and Uddin iteration processes for 
contraction mappings. It should be noted here that M iteration process (1.6) and AI iteration 
process (1.7) are independent. 

Motivated by the above results, in this paper, we extend the result of Ofem and Igbokwe [32] 
from contraction mappings to generalized a-nonexpansive mappings. We provide an example of 
a generalized a-nonexpansive mapping and carry out a numerical experiment with the provided 
example to show that AI iteration process (1.7) converges faster than a number of existing 
iterative schemes. Finally, we use AI iteration process (1.7) to find the unique solution of a 
functional Volterra-Fredholm integral equation with deviating argument in Banach spaces. 


2. PRELIMINARIES 


The following definitions, propositions and lemmas will be useful in proving our main results. 


Definition 2.1. A Banach space B is said to be uniformly convex if for each e € (0, 2], there 
exists ô > 0 such that for ~,7 € B satisfying ||Y|| < 1, ||n|| < 1 and ||; — n|| > €, we have 
121 < 1-6. 


Definition 2.2. A Banach space B is said to satisfy Opial’s condition if for any sequence {w,} 
in B which converges weakly to y € B implies 


lim sup ||, — 7|| < lim sup ||Ys — ||, Yn € B with n F 4. 
S—00 S00 
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Definition 2.3. Let {~,} be a bounded sequence in B. For 4 € K C B, we put 
r(b, Uds}) = lim sup ||4s — y|. 
The asymptotic radius of {s} relative to K is defined by 
r(K, {Ws}) = inf{r(Y, Ws}):VE K}. 


The asymptotic center of {w4;} relative to K is given as: 
AUK, {Ys}) = {V E: rd, Ws}) = r(K, (sh) F- 


In a uniformly convex Banach space, it is well known that A(K, {w,}) consist of exactly one 


point. 


Definition 2.4. [37] A mapping V : K — K is said to satisfy condition (7) if a nondecreasing 
function f : [0,00) — [0, co) exists with f(0) = 0 and for all r > 0 then f(r) = 0 such that 
ly — Vb] > f(d(y, F(V)))) for all y € K, where d(, F(V)) = inf,er(y) lY — z|]: 


Proposition 2.5. /91] Let K be a nonempty subset of a Banach space B. Suppose V : K > K 
is any mapping. Then 
(i) If V is a Suzuki generalized nonexpansive mapping, it follows that V is a generalized 
Q-nonexpansive Mapping. 
(ii) Every generalized a-nonexpansive mapping with a nonempty fixed point set is quasi- 
nonexpansive mapping. 
(ii) If V is a generalized a-nonexpansive mapping, then F(V) is closed. Moreover, if B is 
strictly conver and K is convex, then F(V) is also convex. 
(iv) If V is a generalized a-nonexpansive mapping, then the following inequality holds: 


3+a 
ly- Val (PE 





2) lv- Voll + den Vane K. 


Lemma 2.6. /91] Let V be a self mapping on a subset K of a Banach space B which satisfies 
Opial’s condition. Suppose V is a generalized a-nonexpansive mapping. If {Ys} converges 
weakly to z and lim ||VYs — ws|| = 0, then Vz = z. That is, I — V is demiclosed at zero. 

S—00 


Lemma 2.7. [36] Suppose B is a uniformly conver Banach space and {ts} is any sequence 
satisfying 0 < p < ts <S q < 1 for alls > 1. Suppose {Ys} and {ns} are any sequences of B 
such that Hra Kup ||4s|| < zx, Mii sup ||n|| < z and lik sup |ltsps + (1 — ts)ns|| = x hold for some 


120. Then lim les — ns|| = v 


3. MAIN RESULTS 


In this section, we prove the weak and strong convergence of AI iteration algorithm (1.7) for 
generalized a-nonexpansive mappings in the framework of uniformly convex Banach spaces. 
Firstly, we state and prove the following lemmas which will be useful in obtaining our main 


results. 


Lemma 3.1. Let B be a Banach space and K be a closed convex subset of B. Let V : K > K 
be a generalized a-nonexpansive mapping with F(V) £ 0. If {w,} is the iterative sequence 
defined by (1.7), then lim ||Ys — z|| exists for all z € F(V). 

S—00 
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Proof. Let z € F(V). By Proposition 2.5(ii), we know that every generalized a-nonexpansive 
mapping with F(G) £ @ is quasi-nonexpansive mapping. So from (1.7), we have 


lgs = zl] = || — Bs)bs + 8V Ys — z| 
< (1—As)|lbs — zl + BsllVibs — zll 
< (1—As)|lbs = z|] + Llys — z| 
(3.1) = (lbs — zll. 
Using (1.7) and (3.1), we obtain 
lks = zl = Von 2|| 


(3.2) 


lgs = zll < Ils = zll. 


Again, using (1.7) and (3.2), we get 


lns = 2l = IVg- zll 
< |lgs — 2| 
(3.3) < [lys -— 2. 


Lastly, from (1.7) and (3.3), we have 


lY — zll = [Vs — 2l| 
< |in: — 2| 
(3.4) < [lvs -— 2]. 


This implies that {||14;—2||} is bounded and nondecreasing for all z € F(V). Hence, lim ||Ys—z|| 
S—>0o 


exists. 














Lemma 3.2. Let B be a uniformly convex Banach space and K be a nonempty closed convex 
subset of B. Let V : K — K be a generalized a-nonexpansive mapping. Suppose {wW,} is 
the iterative sequence defined by (1.7). Then, F(V) 4 0 if and only if {W.} is bounded and 
lim Vv. — dll = 0. 


Proof. Suppose F(V) £ @ and let z € F(V). Then, by Lemma 4.1, lim ||, — z|| exists and 
8—00 
{Vs} is bounded. Put 
(3.5) lim ||Ys — z|| = 2. 
S—00 
From (3.4) and (3.5), we obtain 


(3.6) lim sup ||gs — z|| < lim sup ||4; — z|| = x. 


S—00 85—00 
From Proposition 2.5(ii), we know that every generalized a—nonexpansive mapping with F (V) £ 


() is quasi-nonexpansive mapping. So that we have 


(3.7) lim sup || VY, — z|| < lim sup ||, — z|| = z. 


83—00 S—> 0O 
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Again, using (1.7), we get 











Wenell = Vn -2| 
< lins- 2l| 
= ||Vk, — z| 
< ||ks— 2|| 
Vgs = z| 
< gJs — z||. 
Therefore, from (3.5), we obtain 
(3.8) x < liminf ||gs — z|]. 
S—00 
From (3.6) and (3.8) we obtain 
x = lim |lgn — 2|| 
S—00 
= lim (1 = Bs) Ws + Bs V Ys = z| 
= lim (0—8) (hs — 2) + (Vs 2) 
(3.9) = lim |18,(V4s — 2) + 1— Bo)(hs — 2) 








From (3.5), (3.7), (3.9) and Lemma 2.14, we obtain 
(3.10) lim ||Vps — Ysl] = 0. 
8—00 


Conversely, assume that {4} is bounded and lim ||Vxh; — 4s|| = 0. Let z € A(K, {vs}), by 
S—00 


definition 2.3 and Proposition 2.5(iv), we have 


(Vz, {Ws}) 


lim sup ||, — V z| 
S—00 


. (3+a) 
imsup (a 


lim sup ||4s — 2|| 
r(z,{Ws}). 


This implies that z € A(K, {~.}). Since B is uniformly convex, A(K, {ws}) is singleton, thus 


we have Vz = z. 


IA 





179 = Wall + dsl 


(3.11) 














Theorem 3.3. Let B, K, V be as in Lemma 4.2. Suppose tat B satisfies Opial’s condition 
and F(V) #0. Then, the sequence {Ys} defined by (1.7) converges weakly to a fixed point of 
V. 


Proof. Let z € F(V), then by Lemma 4.1, we have lim ||Ys — || exists. Now we show that {Ys} 
has weak sequential limit in F(V). Let y and 7 be weak limits of the subsequences {w,,} and 
{ns,} of {Ws} respectively. By Lemma 4.2, we have lim |Vw, — 4s|| = 0 and from Lemma 2.6, 
I —V is demiclosed at zero. It follows that (I — V)w = 0 implies w = Vy, similarly Vn = n. 
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Next we show uniqueness. Suppose Y £ 7, then by Opial’s property, we obtain 
lim ys- vl] = lim [bbs — v 
S—00 Sj 200 


< lim |4%5;, — all 
Sj 200 


= lim |s- nl 
= lim |4s, — ll 
Sk OO 
< lim [bs -4l 
Sk_?00 
(3.12) = lim |4,- YI), 
S—00 


which is a contradiction, so Y% = 1). Hence, {w,} converges weakly to a fixed point of V. 














Theorem 3.4. Let B, K, V be as in Lemma 4.2. Then, the {Ys} defined by (1.7) converges 
strongly to a point of F(V) if and only if lim inf d(w,, F(V)) = 0, where d(w,, F(V)) = inf{||v— 
zli: z € F(V)}. "= 

Proof. Necessity is obvious. Assume that lim infd(4;, F(V)) = 0. From Lemma 4.1, we have 
lim ||Ys—z]|| exists for all z € F(V), it follows that lim inf d(ws, F(V)) exists. But by hypothesis, 
liminf d(Y., F(V)) = 0, thus lim d(v,, F(V)) = 0. Next we prove that {y~,} is a Cauchy 
Sune in K. Since lim inf d(b,, F (V)) = 0, then given € > 0, there exists sg € N such that, 


for all s,n > sg, we have 
d(bs, F(V)) 


An, F(V)) 


IA 


IA 
NIL a dla 


Thus, we have 


A 


bs = nll < lys — zll + Ibn = zll 


< dips, F(V)) + dn, F(V)) 


Hence {w,} is a Cauchy sequence in K. Since K is closed, therefore there exists a point Yy, € K 

such that lim Y, = yı. Since lim d(w,,F(V)) = 0, it implies that lim d(yı, F(V)) = 0. 
SC S—00 S 00 

Hence, Yı € F(V) since F(V) closed. 














Theorem 3.5. Let B, K, V be as in Lemma 4.2. If V satisfies condition (1), then the sequence 
{Ys} defined by (1.7) converges strongly to a fixed point of V. 


Proof. We have shown in Lemma 4.2 that 


(3.13) lim Vs — pall = 0. 
S—00 
Using condition (I) in Definition 2.10 and (3.13), we get 
(3.14) lim f(d(s, F(V))) < lim [VY — vll = 0, 


ie., lim f(d(v,, F(V))) = 0. Since f : [0, o0) > [0,00) is a nondecreasing function satisfying 
s—>0o 
f(0) = 0, f(r) > 0 for all r € (0, co), we have 
(3.15) lim d(ws, F(V)) = 0. 
S—0o 
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From Theorem 4.5, then sequence {w,} converges strongly to a point of F(V). 





4. NUMERICAL EXPERIMENT 


In this section, we provide an example of a mapping which is a generalized a-nonexpansive, 
but not Suzuki generalized nonexpansive mapping. With the aid of the example, we will prove 
that our new iterative algorithm (1.7) outperform a number of iterative algorithms in the 


existing literature in terms of speed of convergence. 


Example 4.1. Let B = R with usual |. | and K = (0,00). Let V : K — K be defined as: 


0, ify € (0,3), 
Vw = QW i u | 3 3) 
3 if Y E€ (2, o0). 

Now, we show that V is a generalized a-nonexpansive mapping, but not Suzuki generalize. 
For this, let Y = į and ņ = ł, then 


1 1 5 
LB S ag = a 
But 
2) 1 5 
Vo= V= =a 


Hence, V is not a Suzuki generalized nonexpansive mapping. 
To show that V is a generalized a-nonexpansive mapping with a = 4 (i.e., generalized Ž- 
nonexpansive), we consider the following possible cases: 


Case (I): When 4,1 € [0, 2), we have 


1 1 
aV — nll + all — Vol] + (1-20) kv -nl = 3T- e+ 3e- TG 





> 0=]|V4- Vn]. 
Case (II): When 1/,1 € [2, co), we obtain 
allV -nll + alld — Val + (1-20) = nl) = ZVY- n+ Z- Vn 
- 1S tp 
Ee 
= Zoni 


2 
> 73% = n| = |Vy — Vnl. 


Case (III): When y € [3,00) and 7 € [0, 2), we get 


allVy — nil + ally — Vall + (1— 2a)l¢ — all 


1 1 

z VY = n| + 79 — Vn| 

1|2% 1 
= -| + Fila 


2 


2 
sll = [Vy -= Vn. 


IV 
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Hence, V is generalized a-nonexpansive mapping with a = t (i.e., generalized ł-nonexpansive) 
with F(V) = {0}. 

By using the above example, we will show that our new iteration process (1.7) converges faster 
than S, Picard S, Tharkur, M and Normal S iteration processes. With the aid of MATLAB 
(R2015a), we observed that Picard-S and Thakur iteration have almost the same speed of 
convergence and we obtain the comparison Table 1 and Figure 1 for various iterative schemes 


with control sequences 0; = 6; = a and initial guess 11 = 20. 


TABLE 1. Comparison of speed of convergence of our new iterative scheme with 


S, Picard-S, M and Normal S iterative schemes. 








Step S Picard-S M Normal S AI 
1 20.00000000 20.00000000 20.00000000 20.00000000 20.00000000 
2 13.29660239 8.86440159 8.61952862 12.92929293 5.74635241 
3 8.83998175  3.92888078  3.71481368  8.35833078 1.65102830 
4 5.87708612 1.74135885 1.60099714 5.40336535  0.47436952 
5 3.90726387  0.77180521 0.68999203 3.49308467  0.13629472 
6 2.59766670  0.34207957 0.29737030 2.25815575 0.00000000 
7 1.72700707 0.15161653 0.12815959 = 1.45981786  0.00000000 
8 1.14816631 0.00000000 0.00000000 0.94372064 0.00000000 
9 0.76333555  0.00000000 0.00000000 0.61008203 0.00000000 
10 0.50748846  0.00000000 0.00000000 0.39439646  0.00000000 
11 0.33739362 0.00000000 0.00000000 0.25496337  0.00000000 
12  0.22430944 0.00000000 0.00000000 0.16482480  0.00000000 
13 -0.14912767 0.00000000 0.00000000 0.10655341  0.00000000 





Several problems which arise in mathematical physics, engineering, biology, 





Iteration values 








8 
Iteration number s 

















FIGURE 1. Graph corresponding to Tablel. 


5. APPLICATION 





economics and 


etc., lead to mathematical models described by nonlinear integral equations (see [27] and the 
references therein). In particular, Volterra-Fredholm integral equations arise from parabolic 
boundary value problems, from the mathematical modeling of the spatio-temporal development 


of an epidemic, and from various physical and biological models (see [29], [46]). 
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In this section, we will use our new iterative method (1.7) to solve the following Volterra- 


Fredholm integral equation which have been considered by Lungu and Rus [25]: 


OD uon) = a(b hu(osn) + ff K mn uf n))dmdn, 
for all Y, n € R}. Let Let (Q, |- |) be a Banach space. Let r > 0 and 
X, = {u € C(R4, {S M (u) > 0: July, n) |e < M(u)}. 





We now consider Bielecki's norm on X, as follows: 
lul- = sup (lu(%,n)ļe7 +). 
wine + 
Obviously, (X+, || - ||,) is a Banach space (see [9]). 
The following result which was given by Lungu and Rus [25] will be useful in proving our 


main result. 


Theorem 5.1. /25/ Suppose the following conditions are fulfilled: 
(Vi) g E€ C(R2 x 0,0), K  O(Rt x 9,9); 
(V2) h: X; > X, is such that 
Al, > 0 : |a(u(eh,m)) — helh, n) < lalu — v|| e, 


for all Yy, n E R} and u,v € X3; 





(V3) 





Al, 20: lg(w,n, e1) — g(%,n, €2)| < lgļe1 — €2|, 


for ally, n E Ry and ey, e2 E Q; 
(Va) 





IJlk(Y, n,m, n) : |K (a, n, m, n, e1) = K(w,n,m,n, e1)| < lic(w, n,m, n) ley — €2|, 


for ally, n, m,n E€ R} and ej, e2 E Q; 
(Vs) lx E C(R, R) and 


Y pn 
I J l(b, n,m, nje tdmdn < le, 
o Jo 


for all, n € Ry; 
(Vo) laln +l£ 1. 
Then, the equation (5.1) has a unique solution z E€ X, and the sequence of successive approxi- 


mations 


(5.2) asalvion) = ads Austin) +f f” KO) mn,us(m,n))dmdn, 
for alls € N converges uniformly to z . 
We now give our main result in this section. 


Theorem 5.2. Let {Ys} be AI iterative method defined by (1.7) with sequence {8s} in [0,1] 
such that X< obs = oo. If all the conditions (Vi) — (Ve) in theorem 5.1 are satisfied, then 
the equation (5.1) has a unique solution z in X, and the AI iterative sequence (1.7) converges 


strongly to z. 
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Proof. Let {w,} be an iterative sequence generated by AI iterative method (1.7) for the operator 
A: X,— X, defined by 


(6.3) A(u(),1)) = gn hlu De f Knmi num n) dan 
We will prove that 14; + 0 as s > oo. Using (1.7), we obtain 
ls — zll- = sup (|A(ns(x), n)) — A(z(), n))|e 17%). 
pmER+ 


Now, 
IA(ns(v,7))) — A(2(A,m))| 
< lad, hinh, n))) — gh, n, hely, n))) 
AP ra m,n, ns(m, n))dmdn 
ô o +”; ? > Ns Fi 
p pn 
| / K(~, n,m, n, z(m,n))dmdn 
< Ig|h(ns(w,n)) — h(z(v, n))| 
+f [ IK (b,9,m,n,ns(m,n)) 
—K(v,n, m,n, z(m,n))|dmdn 
< lalallns — 2[l-e7™ 
— d 
i [ i Ix(b, n,m, n)|ns(m, n) — z(m, n)|dmds 
< Iglallns — zll + Ilys — 2[|-e7 
= (lula + Dins — are. 
Hence, 
(5.4) ls — zle < (gla + Dlls — 217. 
Also, 
Ins — zl- = sup (|A(ks(%,n)) — A(z(v,n)) le). 
wnEeRy 
Now, 


|A(ks(th,n))) — Alz(v,n))| 
lo(w, n, h(k, n))) — g(b, n, h(z(, n)))| 


Af [ K(w,,m,n, ks(m,n))dmdn 


IA 


y pn 
=f / K(w,n,m, n, z(m, n))dmdn 
Ly|h(ks(th, n)) — h(z(v, n))| 


Y 
+ / [ JAC, N, M, N, ks(m, n)) 


=K(Y, 7), M, N, z(m, n)) |dmdn 


IA 
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< Iglal|ks — z||,e7 or) 


Y pn 

+f f lk(Y,n, m,n)|ns(m, n) — z(m, n)|dmds 
o Jo 

lal,||ks — z| Yt + I\|k, — zlet 

= (lyla + Ollie — elje. 


IA 


Hence, 
(5.5) Ins — Zllr < gla + Dllks — 2ll-- 


Putting (5.5) into (5.4), we get 


(5.6) (12551 — zll- < (lglg +4)? IIs — zll- 
Similarly, 
(5.7) lks — 2|17 < (laln + Olas — zll- 
Putting (5.7) into (5.6), we get 
(5.8) [Port = zle S (lol, +D’ lgs zll 
Again, 

lgs — zll- = MC — Bs)bs + Bs Ars) — 2| 


= IC mm Bs) (Ws = z) + Bs(Aws = z)|| 
(5.9) < (1—8s)|lbs — zll + 8l Avs — zll. 


Now, 


A 


Ays — Azlļ- = PR n)) — A(z(b,m))le7"*”), 
and 
IA@s(v,))) — Ale, n))| < laln, hs, n))) — ghn, hz, 0)))| 
AJ" [x 0e.mmen,iclmn))adman 


p pn 
-f f K(w,n, m,n, z(m,n))dmdn 
o Jo 
Ll|h(ws(wh, n)) — h(z(v, n))| 
p pn 
+f | Konma) 
-K (4, n, m,n, z(m,n))|dmdn 
Lalnlhbs — zle + 
" [ [ Li(w,n,m,n)|ws(m,n) — z(m, n)|dmds 
Iglalls — zlet + dlls — zlet 
= (lyin + Dhs — alle. 


IA 


IA 


IA 
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Thus, 
(5.10) Ays — Azlly < (lula + Dl's — zll- 
From (5.9) and (5.10), we obtain 
llgs— zl] < (1- Bs) lbs — zl| + Ballgln + Dlls — zll- 


(5.11) = [1—6s{1— (lula + 2) } Ils — zll- 

From (5.11) and (5.8), we get 

(5.12) srr — zll < (lln + DU — Bs{1 — (tala + DHI — zll- 

Recalling from assumption (Ce) that lyl, +L < 1 and since 45 € [0,1], then from (5.12) we have 
(5.13) Isr — zll- < [L — Bs{1 — (Lola +O} IIs — zll- 


Inductively, from (5.13), we have 


s 


(5.14) (Wei = Z| < Ilo io zll- {IC — br{1 — (gla sr 1)}]. 


k 
Since 6; € [0,1] for all k € N and assumption (C6) gives 


1 — B,{1 — (lalar + 1)} < 1. 
From classical analysis, we know that 1 — Y < e~” for all 4 € [0,1]. Thus, (5.14) becomes 


sia — zle < [Wo — z||,e Pett n+] Dio Br 














which yields lim ||, — z||, = 0. This completes the proof. 
S—00 


6. CONCLUSION 


In this article, the weak and strong convergence of AI iterative scheme (1.7) has been studied 
for a class of mapping which is more general than the class of mapping considered by Ofem and 
Igbokwe |32|. An example which has been shown to be a generalized a-noxpansive mapping 
has been presented. This example is egually used to compare the rate of convergence of a 
number of existing iterative schemes and it was confirmed that AI iterative scheme converges 
faster than M, Normal S, Picard S and S iteration schemes. We also showed that AI iteration 
converges strongly the unigue solution of functional Volterra-Fredholm integral eguation with 
deviating argument. Hence, our results mainly extend the results of Ofem and Igbokwe [32] 


and several other well known results in the literature. 
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